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The duality between vertex operator algebras and
coalgebras, modules and comodules

Keith Hubbard

ABSTRACT. We construct an equivalence between the categories of vertex op-
erator algebras and vertex operator coalgebras. We then investigate to what
degree weak modules, generalized modules and ordinary modules carry corre-
sponding comodule structures, as well as when various comodules carry module
structure.

1. Introduction

In this paper we describe a universal procedure for constructing an infinite fam-
ily of multiplications on the dual space of a vertex operator algebra, and then show
that this procedure yields a vertex operator coalgebra. This construction provides
an equivalence of categories between the category of vertex operator algebras and
the category of vertex operator coalgebras. Nearly all the axioms of vertex operator
coalgebras are proven directly from the corresponding axiom of a vertex operator
algebra. However, in the case of the truncation condition, such a parallelism does
not exist. Using equivalent characterizations of vertex operator algebras and ver-
tex operator coalgebras which refer to the weights of the operators involved, we are
able to maintain the parallel correspondence in our proof. This transition to an
equivalent characterization may seem insignificant but has implications when we
shift our attention to modules. We begin by recalling the definition of weak mod-
ules, generalized modules and ordinary modules over a vertex operator algebra,
then discuss the corresponding comodule notions over a vertex operator coalgebra.
We then investigate whether a particular type of module structure induces a corre-
sponding comodule structure. As may be suspected from the above discussion, the
truncation condition plays a central role. Finally, we discuss how contragredient
modules allow us to construct module and comodule structures on the same space
in addition to constructing them on the dual space.

The motivation for these questions dates back to the early days of the develop-
ment of the theory of vertex operator algebras (and vertex algebras). Vertex oper-
ator algebras arose in the 1980s in conformal field theory, with near simultaneous
motivation coming from work in infinite-dimensional Lie algebras, finite sporadic
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simple groups and modular function theory [BPZ, B, FLM, FHL]. Modules over
vertex operator algebras were almost immediately of vital importance in all of these
areas. In new areas such as modular tensor categories, weakened versions of the
module axioms became necessary [HL2, DLM].

Of vital importance to the field of vertex operator algebras are matters of
symmetry and duality. Even in the 1980s, G. Segal wrote about the importance
of duality of operators [S] and Frenkel, Huang and Lepowsky described a module
structure on the dual space of a module [FHL]. Following the general principal of
[S] and the rigorous construction of geometric vertex operator algebras in [H2], the
notion of vertex operator coalgebras was introduced in [Hub1]. In [H2], motivated
by the geometric interaction of n € N closed strings combining in space-time to form
one closed string, Huang defined geometric vertex operator algebras in the context
of genus-zero Riemann surfaces with tubes up to conformal equivalence. He proved
that the category of geometric vertex operator algebras is isomorphic to the category
of vertex operator algebras. A similar procedure was used in [Hubl, Hub2]:
motivated by the geometry of one closed string splitting into n € N closed strings
in space-time, the notion of geometric vertex operator coalgebra was introduced as
well as the notion of vertex operator coalgebra. These two notions were shown to be
isomorphic. Comodules over vertex operator coalgebras were defined in [Hub4] and
algebraic notions of duality were discussed in [Hub3]. In this paper, we investigate
the natural generalizations of comodule over a vertex operator coalgebra and delve
into the above described questions of duality regarding vertex operator algebras,
coalgebras, and their modules and comodules.

2. Vertex operator algebras and vertex operator coalgebras

2.1. Delta functions and expansions of formal variables. We define the
“formal §-function” to be
o(x) = Z x”.

neZ
Given commuting formal variables z1, 2 and n an integer, (z1 £ x2)™ will be
understood to be expanded in nonnegative integral powers of x5. Note that the
d-function applied to £=%2 where zg, r1 and x5 are commuting formal variables,
is a formal power series in nonnegative integral powers of x5 (cf. [FLM], [FHL]).
The following property of J-functions will be relevant:

_ o _ T —x
2.1) o718 (x> ey (x>

This identity may be derived conceptually [LL] or by direct expansion.

2.2. Two equivalent notions of vertex operator algebra. We begin by
recalling the definition of vertex operator algebra [VOA] and an equivalent char-
acterization using the weights of particular operators rather than a ‘truncation
condition’. This characterization and an explicit enumeration of the axioms for a
VOA will be necessary below.

DEFINITION 2.1. A wvertex operator algebra (over C) of rank d € C is a Z-graded
vector space over C

V=11 Vi,

keZ
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such that dim V() < oo for k € Z and V() = 0 for k sufficiently small, together
with a linear map V ® V — V/[[z,271]], or equivalently,

Y(-,2): V= (End V)[[z, 27

v~ Y(v,x) = kax_k_l (where v,, € End V),
k€EZ

equipped with two distinguished homogeneous vectors in V', 1 (the vacuum) and w
(the Virasoro element), satisfying the following 7 axioms:
1. Left unit: For all v € V|

(2.2) Y(1,z)v=v.
2. Creation: For all v € V,

(2.3) Y(v,2)1 € V[[z]] and
(2.4) :lli% Y(v,2)1 = w.

3. Truncation: Given v,w € V, then vyw = 0 for k sufficiently large, or
equivalently,

(2.5) Y(v,z)w € V((z)).
4. Jacobi Identity: For all u,v € V,

T — T2

(2.6) 256 ( ) Y (u,21)Y (v, 22) — 250 <x2 — ml) Y (v, 22)Y (u, 1)

Lo

= ;%6 (Il — x0> Y (Y (u, xo)v, x2).

5. Virasoro Algebra: The Virasoro algebra bracket,

(27) [LG), L) = (G~ LG + B) + 75 — )3, -d,

holds for all j, k € Z, where

(2.8) Y(w,z)= Z L(k)z="2,

keZ

6. Grading: For each k € Z and v € V{3,

(2.9) L(0)v = k.
7. L(—1)-Derivative: Given v € V,

(2.10) %Y(v,x) =Y (L(-1)v,x).
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We denote a VOA either by V or by the quadruple (V,Y,1,w). A VOA homo-
morphism (or morphism in the category of VOAs) is a linear function f from one
VOA U to another VOA V such that f(1) =1 and such that for all uy,us € U,

Y (ur, 2)ug) =Y (f(ur), 2) f (uz).
A well known fact, dating back to [B], is
(2.11) wt (vp) w=r+s—k—1 for v € V{;, w € V().

It is usually expressed as saying that vy is a weight » — k — 1 operator since it raises
every homogeneous subspace into the one that is r — k — 1 above it. The following
is a standard result (cf. [FHLI]).

PROPOSITION 2.2. The weight condition (2.11) is a consequence of the Jacobi
identity (2.6), grading (2.9), and the L(—1)-derivative property (2.10).

COROLLARY 2.3. In the presence of the other axioms, the weight condition
(2.11) may replace the truncation condition (2.5) in the definition of vertex operator
algebra.

PROOF. We have already established in Proposition 2.2 that (2.11) is a con-
sequence of the standard definition of VOA sans truncation. Now assume (2.11)
and let v € V(,y, w € V(). By positive energy, i.e. Vi) =0 for n << 0, if ugv is
nonzero, there is a fixed N < wt ugpv =7r+s—k—1. Then N —r —s < —k — 1,
ie. Y(u,x)v € VaN==5[z]]. O

REMARK 2.4. A stronger corollary, specifically, that (2.5) is redundant since it
is proven from (2.6), (2.9), and (2.10), is untrue since the Jacobi identity (2.6) is
not well defined without (2.5). However, it is well defined when (2.11) and positive
energy are applied.

2.3. Two equivalent notions of vertex operator coalgebra. Vertex op-
erator coalgebras [VOCs| are motivated by an isomorphism with geometric ver-
tex operator coalgebras (which are built from correlation functions of geometri-
cally defined objects associated to closed strings splitting in conformal field theory)
[Hub1l, Hub2] just as VOAs were tied to geometric vertex operator algebras by
Huang in [H1, H2]. We recall the definition of VOC and discuss another weighting
condition which is provably equivalent to the VOC truncation condition.

DEFINITION 2.5. A wvertex operator coalgebra (over C) of rank d € C is a Z-
graded vector space over C

v=]1vw

kez
such that dim V() < oo for k € Z and V() = 0 for k sufficiently small, together
with linear maps

Ax): V= (Ve V)[z,2z ]

v— A(z)v = Z Ap()z™* 1 (where Ap(v) € V@ V),
kEZ

c:Vi—C,
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p:V—=C,
called the coproduct, the covacuum map and the co-Virasoro map, respectively,

satisfying the following 7 axioms:
1. Left counit: For all v € V,

(2.12) (c® Idy)A(z)v =v.
2. Cocreation: For all v € V,

(2.13) (Idy ® ¢)A(x)v € V[[z]] and
(2.14) }Cil,%(‘rdv ® c)A(z)v =v.

3. Truncation: Given v € V, then Ag(v) = 0 for k sufficiently small, or
equivalently

(2.15) Ax)we (VaV)((z™h).
4. Jacobi identity:

T1 — T2

Zo

(2.16) w510 ( ) (Idy @ A(x2))A(x1) — 250 (

(Idy ® A(z1))A(z2) = 2526 (M> (K(z0) @ Idy)A(zs).

5. Virasoro algebra: The Virasoro algebra bracket,

. . . 1 .
(2.17) [L(7), L(K)] = (5 = K)L(j + k) + — (5% = 7)8j,-1d,
holds for all j, k € Z, where

(2.18) (p® Idy)A(z) = > L(k)a* 2.

6. Grading: For each k € Z and v € V{3,

(2.19) L(0)v = kv.
7. L(1)-derivative:

d
(2.20) @A(x) = (L(1) ® Idy) A(x).
We denote this vertex operator coalgebra by (V, A, ¢, p) or simply by V when the
structure is clear. A VOC homomorphism (or morphism in the category of VOCs)
is a linear function f from one VOC (U, Ay, cy, pu) to another VOC (V, Ay, ey, pv)
such that ¢y o f = ¢y and

(f® Au(z) = Av(z)f.
The truncation condition (2.15) for a vertex operator coalgebra warrants consid-
eration analogous to that for the truncation condition for vertex operator algebras.
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PRrROPOSITION 2.6. The weight condition
(2.21) wt Ag(v) =r+k+1,

for v € V., is a consequence of the Jacobi identity (2.16), grading (2.19), and the
L(1)-derivative property (2.20).

As a result of the fact that A, maps from V to V ® V, it bears mentioning
that given u € V{;;) and v € V|, homogeneous vectors,

(2.22) wt (u®v)=r+s,

so the proposition states that Ay is a k + 1 raising operator, mapping V) to
(V@ V) (ntk+r) for each n € Z.

PrOOF. We take the x5 272 coefficient of the Jacobi identity using (2.1).
(Idy @ A(x2))Ar = (T'® Idy)(Idy @ Ay) A(w2)

Tr1 — Zo

= Res,,Resy, w1705 "6 < ) (A(zo) ® Idy)A(x2)

Z2

‘”2”0) (A(z0) ® Idy) A(w2)
T

= Resz, (2 + o) (A(x0) @ Idy)A(x2)
= 22(A0 @ Idy ) A(z2) + (A1 @ Idy ) A(22).

-1
= Resg,Resy, x127 6 <

Next we compose with the map p ® Idy ® Idy and, applying (2.18), we have
the L(0)-commutation formula for VOCs:

(2.23) (Idy ©L(0)) A(ws)+(L(0)@Idy) A(w2) = Al L(0)—aa(L(1) @ Idy) ().

Considering a homogeneous vector v € V(,,), we have wt u = r. Hence, substi-
tuting (2.20) into (2.23) and comparing coefficients, we have

wt (Ag(v)) Ag(v) = ((Idv ® L(0)) + (L(0) ® Idv))Ak(v)
=wt (v) Ar(v) — (=k — 1) Ag(v)
=(r+k+1) Ar(v)
for each k € Z. O

COROLLARY 2.7. In the presence of the other axioms, the weight condition
(2.21) may replace the truncation condition (2.15) in the definition of vertex oper-
ator coalgebra.

PROOF. We have shown that (2.21) is a consequence of the standard definition
of VOC and now show the converse. Let v € V.. By positive energy, i.e. V(,;) =0
for n << 0, if Ag(v) is nonzero, there is a fixed N < wt Ag(v) =r+ k+ 1. Then
—k—1<7r—N,ie A(z)veVa" N[z O

REMARK 2.8. As in Remark 2.4, either (2.15) or both positive energy and
(2.21) are needed in the definition of VOC to make the Jacobi identity (2.16) well
defined.
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2.4. A correspondence between VOAs and VOCs. The following theo-
rem demonstrates a correspondence between VOAs and VOCs. We will show that a
VOA structure on a vector space V is equivalent to a VOC structure on the graded
dual V' of V. This is the primary building block in demonstrating an equivalence
of categories between VOAs and VOCs.

THEOREM 2.9. Let V =[],z Vix) be a graded vector space. Choose two dis-
tinguished vectors 1 € V(o) and w € V(o) and a linear map

Y(,,z):V — End V[z,z™"]).
Additionally, define c € V(’é) to be the double dual of 1, p € V(’Q') to be the double
dual of w, and a linear operator A(z) : V' — (V' @ V")[[z,x~1]] defined by

(A, 0 @ w) = (W, Y (v, z)w)

for allvw € V', v,w € V. The quadruple (V,Y,1,w) is a vertex operator algebra if
and only if the quadruple (V', X, ¢, p) is a vertex operator coalgebra.

ProOOF. Certainly V' has the properties dim V;) < oo for all k € Z and V{3,) =0
for k sufficiently small precisely when V'’ has the analogous properties. In regard
to the axioms for VOAs and VOCs, in fact, each axiom of a VOA (replacing trun-
cation with the weight condition, c¢f. Corollary 2.3) is equivalent to the axiom of
corresponding number for a VOC (replacing truncation with the weight condition,
cf. Corollary 2.7):

1. Left unit and counit: For any v’ € V', v € V,

{((c® Idy)A(x)u',v) = (A(x)u', 1 @ v)
=/, Y(1,2)v).

Thus if either (¢ ® Idy+)A(z) or Y(1,z) is the identity map, so is the other.
2. Creation and cocreation: For all ' € V', v € V,

((Idy: @ ) A(z)u',v) = (A(x)u',v @ 1)
= (u,Y (v,2)1).
Again, if (Idy ®@c)A(z)u’ € V'[[z]] then Y (v,x)1 € V[[z]] and vice versa. Similarly,

lim ((Idy: ® ¢)A(x)u’,v) = lim (v, Y (v, 2)1).
z—0 z—0

Hence, if either side equals (u’, v}, by the definition of A both sides equal (u/, v).
3. Weight condition: For v’ € V(’T), v € Vi), w € Viyy, and any k € Z, we have

(Ar(u),v @ w) = (U, vpw).

The weight condition on VOAs (2.11) implies that the right-hand side is zero
unless r = wt v/ = wt vyw = s+t — k — 1. The weight condition on VOCs (2.21)
implies that the left-hand side is zero unless r + k + 1 = wt Ag(v') = wt (v@w) =
s+ t. Thus they are equivalent.

4. Jacobi identity: For all ' € V/, vy, v2,v3 € V
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(2.24) ((Idy @ A(z2))A(x1)u,v1 ® va @ v3) = (A(m1)u',v1 @Y (va, x2)v3)
= (', Y (v, 21)Y (v2, 22)v3),

(2.25)
(T Idy)(Idy ® A(x1))A(22)u' 01 @ v2 ® v3)
= ((Idy ® A(x1))A(z2)u,v2 @ v1 ® v3)
= (A(x2)u',v2 ® Y (v1,x1)v3)
= (u,Y (va, 22)Y (v1, 71)v3),

(2.26) ((A(x) @ Idy ) A(x2)u',v1 @ vo @ v3) = (A(ma)u', Y (v1, 20)ve ® v3)
= (u, Y (Y (v1,T0)v2, T2)v3).

Equations (2.24), (2.25) and (2.26) make it clear that the VOA Jacobi identity
(2.6) is equivalent to the VOC Jacobi identity (2.16). Note that showing (2.6) or
(2.16) is well defined, given the same equation in brackets, requires the correspond-
ing truncation condition (or weight and positive energy conditions).

5. Virasoro algebra: Let ' € V/ and v € V.. Any operator L(k) on V which
has weight &k (i.e. L(k): Vi) — V(s—k) for all n € Z) yields an operator L'(—k) on
V' of weight —k via

(L' (=k)u',v) = (W, L(k)v).

The converse is also true. Hence, since

(2.27) {(p@ Idy)A(x)u',v) = (A(x)u',w @ v)
= (Y (w,z)v),
having Y (w, ) = Y-, cp L(k)x ™%~ implies that (p @ Idy)A(z) = 3.y L' ()27 2,
and vice versa. The Virasoro bracket relations,
[LG), L) = (G~ K)LG + B) + 75 — )5, -d,
and

L)L) = (G~ DG+ K) + 1567~ )8, xd,

also imply each other via (2.27).
6. Grading: Taking the coefficients of 272 in Equation (2.27) shows that
(L'(0)u',v) = (u', L(0)v)

so gradation on V and V' correspond.

7. L(—1) and L'(1)-Derivatives: Let ' € V', v,w € V. We note the correspon-
dence between L(—1) and L'(1) given by the 27! coefficients of Equation (2.27),
and conclude

(L) @ Idy) A(z)u', v @ w) = (A(x)u', L(—=1)v @ w)
= (', Y(L(=1)v, 7)w).
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But by definition

d,, d

Ly LN

T (WY (v, 2)w) dm< (2)u',v @ w),

which means that the L(—1)-derivative property and the L’(1)-derivative imply one
another. [l

The correspondence in Theorem 2.9 provides an injective mapping between
objects in the category of VOAs and objects in the category of VOCs. (We could
consider this correspondence a bijection by identifying V' and V" with identical
structures, but this would slightly change the objects in our categories.) Given a
morphism f from object U to object V in the category of VOAs, certainly we have
a linear function f’ from the VOC W' to the VOC V' given by

(2.28) (f'(0"),u) = (W', f(u))

for every v’ € V', u € U. Further, given v/ € V' and using the definitions of ¢, f’
and f,

Finally, for all v € V', uj,us € U we observe that using the definitions of A, f’
and f,

(f'@ A, ur @ ug) = (A(2)v', f(u1) ® flua))

=

= (", Y(f(u1),z)f(u2))
= (v, f(Y (u1, 2)u2))

= (f'(v'), Y (u1, z)uz)
= (A(2)f'(v"), w1 ® u2).

Thus, f’ is a morphism in the category of VOCs and we have a contravarient functor
from VOAs to VOCs. Similarly, a morphism in the category of VOCs gives rise to
a morphism in the category of VOAs. We observe the following corollary.

COROLLARY 2.10. The category of vertex operator algebras and the category
of vertex operator coalgebras are equivalent.

The functions between object sets described in Theorem 2.9 along with the
functions between morphism sets defined in (2.28) establish this equivalence of
categories. Were the categories of VOAs and VOCs defined in such a way that
V was identified with the graded dual of its graded dual V" this would be an
isomorphism of categories, but since V and V" are only canonically isomorphic we
have an equivalence of categories.

REMARK 2.11. The results in [Hub3] show that given a VOA V with a non-
degenerate, Virasoro preserving bilinear form, V' may be naturally endowed with
a VOC structure. Notice that a nondegenerate, Virasoro preserving bilinear form
amounts to a Virasoro invariant isomorphism between V and V’. Interpreting this
result in light of Theorem 2.9, we see that V' has a natural VOC structure and the
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Virasoro invariant isomorphism simply transports this structure to V. Such a bilin-
ear form allows V to be viewed as a VOA and a VOC. This gives rise to the question
of what a vertex bialgebra structure should entail. In [L4], Li integrates a single
comultiplication operator into the structure of a VOA, but a bialgebra structure
which fully subsumes the VOA and VOC structures has yet to be defined.

3. Modules and Comodules
3.1. Differing notions of modules.

DEFINITION 3.1. A weak module M for a VOA V is a vector space M equipped
with a linear map V @ M — M|[[z,z71]], or equivalently,

Y :V — (End M)[[z,z]]
v—Y(v,x) = kax_k_l (where v, € End M),
keZ

satisfying the following axioms:
1. Left unit: For all w € M,

(3.1) Y(1,2)w = w.

2. Truncation: For all v € V, w € M, we require vyw = 0 for k sufficiently
large, or equivalently,

(3.2) Y (v, 2)w € V().
3. Jacobi Identity: For all u,v € V, w € M,

— T

(3.3) a5'd (%;0302) Y (u,21)Y (v, 22)w — x5 "8 <$2

) Y (0, 22)Y (0w
=)

) (M) Y (Y (u, z)v, z2)w.
T2

(where the operator Y (u, o) is an operation on V' itself, but every other Y is an
operation on the module.)(cf. [DLM]).

REMARK 3.2. Though originally included in the definition, it was proven in
[DLM] that the Virasoro relations, and the L(—1)-derivative property are conse-
quences of the other axioms and may be omitted. Specifically, we have the property
that given V a VOA of rank d and M a weak module of V', the module operation
Y (—, ) satisfies

(34) (L), L] = (= KEG+ B + 35 G° — )04,

for j, k € Z, where

(3.5) Y(w,z)= Z L(k)z=%2,

kEZ

and
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(3.6) %Y(v,x) — Y(L(~1)v,z)

for all v e V.

DEFINITION 3.3. A generalized module for a VOA V is a weak module endowed
with a C-graded vector space structure

M= ][ Mo
AeC
such that
L(0)w = Aw, for w € V{5
(cf. [HL2]). We say that the weight of such a w is .
DEFINITION 3.4. An (ordinary) module for a VOA V is a generalized module

M =[] ec M) such that dim My < oo for A € C and My, = 0 for any fixed
A and n € Z sufficiently small (cf. [FHL]).

Following Proposition 2.2 and Corollary 2.3, we consider a weight condition
as a replacement for the truncation condition in the axioms of a vertex operator
algebra module. In fact, the proofs of Proposition 2.2 and Corollary 2.3 may be
interpreted in the module context as follows.

PrOPOSITION 3.5. The weight condition
(3.7) wt (vpw) =r+s—k—1 for v € Vipy, w € M,
may replace the truncation condition in the definition of an (ordinary) module for

a vertex operator algebra.

REMARK 3.6. Equation (3.7) is true for generalized modules but may not re-
place truncation as an axiom, for without positive energy Corollary 2.3 does not
hold in the module context and the Jacobi identity is not well defined. Since Equa-
tion (3.7) requires a graded vector space (the notion of weight is inherently graded),
it does not generalize to weak modules.

3.2. Differing notions of comodules.

DEFINITION 3.7. A weak comodule M for a given VOC V is a vector space
equipped with a linear map

A M (Ve M)z,a™]
ur— A(x)u = Z Ap(u)z=*1
keZ

satisfying the following axioms:
1. Left counit: For all w € M,

(3.8) (c® Idy)A(zx)w = w.

2. Truncation: Given w € M, then Ag(w) = 0 for k sufficiently small, or
equivalently

(3.9) Alx)yw e (VaV)((z™h).
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3. Jacobi identity:

£y — T2

(3.10) 5'é ( ) (Idy ® A(z2))A(z1) — x5 '8 (_

Zo

(Idy @ A(z1))A(w2) = 2510 (

where the operator A(xg) is an operation on V itself, but every other A is an
operation on the module.
4. Virasoro algebra: The Virasoro algebra bracket,

(3.11) (L), L) = (G~ LG + B) + 75 — )35, d,

holds for j, k € Z, where for all w € M

(3.12) (p® Idy)A(x)w =Y L(k)z" 2w
keZ

5. L(1)-derivative:

@
dx

DEFINITION 3.8. A generalized comodule for a VOC V is a weak module en-
dowed with a C-graded vector space

M=]]MM

AeC

(3.13) A(z) = (L(1) @ Idy) A(z).

such that
LO)w = Aw = (wt w)w, for w € Viy).

DEFINITION 3.9. An (ordinary) comodule for a VOC V is a generalized module

M = H My such that dim M, < oo for A € C and My, = 0 for a fixed A and
AeC

n € Z sufficiently small (cf. [Hub4]).
Again, the proof Proposition 2.6 and Corollary 2.7 generalize to the following:
ProprosITION 3.10. The weight condition

(3.14) wt Ap(w)=r+k+1 for w € M,

may replace the truncation condition in the definition of an (ordinary) comodule
for a vertex operator coalgebra.

As in the case of modules, Equation (3.14) is true for generalized comodules
but may not replace truncation as an axiom. It does not apply to weak modules
(cf. Remark 3.6).



DUALITY BETWEEN VERTEX OPERATOR ALGEBRAS AND COALGEBRAS 13

3.3. A correspondence between VOA modules and VOC comodules.
In view of the fact that a correspondence between a VOA structure on V and a VOC
structure on the graded dual V' (or a VOC structure on V and a VOA structure
on V') has been established, it is natural to investigate this correspondence as it
pertains to modules and comodules. Given a weak module, a generalized module
or an ordinary module M over a VOA V', what may be said of M’s structure over
V' as a VOC?

For weak modules the situation is bleak indeed. The correspondence between
VOAs and VOCs is given by considering the graded dual. However, given M a weak
module over a VOA V| we have no natural gradation on M. Thus the only notion
of dual is the standard one: M* = Hom(M,C). (If M were in fact graded, this
would amount to considering the closure of the graded dual, M’.) It is reasonable
to ask whether M* has an induced weak comodule structure over the VOC V'
and instructive to see how this fails to be true in a counterexample. Notice that
cocreation, the Virasoro algebra and the L(1)-derivative property do hold on M*
following just as in the proof of Theorem 2.9. Were truncation to hold, the Jacobi
identity would follow as in Theorem 2.9 as well. Truncation, however, fails to
transfer in general from weak modules to their duals.

COUNTEREXAMPLE 3.11. Let V = C[zy, 22, 23, . . .|, which is a presentation of
the one dimensional Heisenberg algebra (see [D]) with 1 =1, w = 327 and
0
_ k-1 —k—1
(3.15) Y(z1,2) = Z <zkx + ka—ka > .
k€EZ4

V may be viewed as a weak module over itself. (V viewed an (ordinary) module
over itself is generally called the adjoint module.) We will show that V* is not even
a weak comodule over the vertex operator coalgebra V’. There exists an element
u* € V* such that u*(z;) =1 for all ¢ € Z,. But then A(x)u* does not satisfy the
truncation condition. Visually, for all n € Z,

(3.16) Resz™ " (A(z)u*,z1 ® 1) = Respz™ " (u*, Y (21,2)1)
(3.17) = Respz " (u”", Z <zk9:k1 + kaxkl) 1)

keZ, Oz
(3.18) = (u",z,) =1.
Thus V* fails to be a V'-comodule.
In the case of generalized modules there is perhaps stronger argument for ex-
pecting to find an induced V’-comodule given a VOA V and a generalized module
M. After all, we now have a natural notion of graded dual M’ =1, ., (W(k))/ on

which to hope such a structure would coalesce. Again, however, we fall short based
on the truncation condition.

COUNTEREXAMPLE 3.12. Let £ = [];.; CL; [T Cc be the Virasoro algebra and
define the following subalgebras as follows:

Ly= ][] cL.,
neEly
E(o) = CLy ¢ Cec,
£(§1) = ﬁ(_) S C(o) e CL_;.
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Considering a complex number, ¢, we construct an £(<;)-module structure on
C by defining £y & CLo & CL_; to act trivially on C and ¢ to act as the scalar £.
Denote this module by C,. We now form the induced Virasoro module

V=Wi(l,0) =U(L) ®u(c <) Ce
where U is the universal enveloping algebra. By the Poincaré-Birkhoff-Witt the-
orem, Vi, (¢,0) = U([],,»o CL_,) as vector spaces and has a basis consisting of
vectors of the form a
L(—mi)L(—mg) -+ L(—m;)1,

where r >0, my > mg > -+ >m, >2 (and 1, = 1 ® 1;). This element has weight
mi +mo + -+ +m,. V is a vertex operator algebra with vacuum vector 1, and
vacuum vector L_s1 (cf. Theorem 6.1.5 in [LL]).

Next, considering two complex number, £ and h, we construct a (£_y ® L) )-
module structure on C by defining £_y to act trivially on C, ¢ to act as the scalar
¢ and L to act as the scalar h. Denote this module by C; . We form the induced
Virasoro module

My (6, h) = U(L) @u(c_y@cw) Con-

By Theorem 6.1.9 in [LL], My (¢, h) is an (ordinary) V-module where
My i (€,h) (ntny, the Lo-eigenspace with eigenvalue n + h, has a basis consisting of
elements of the form

L(—ml)L(—mg) te L(—m,«)lg’h
where r >0, my >mg >--->m, >2,and m; +mg +---+m, =n.

Let M = [],cy Mvir(0,—k). M is still a restricted module for the Virasoro
algebra and hence still a generalized vertex operator algebra module (cf. Theorem
6.1.4 in [LL]). However, M fails both of the grading conditions to be an ordi-
nary module. We will show that M’ also fails the truncation condition for VOC
comodules.

Given any j € Z_, we know that for all k € Z we have (L(—k)1¢ ;) € M.
Let v € (M(;))" such that v(L(—k)1,;_x) =1 for all k € Z,.. Then for all k € Z,

we have

Resxx_kH(/{(x)'y,w ®1p ) = Resmx_’”l(% Y(w,2)1-1)

= Resml‘ikJrl <7a Z L(n) ].gyj_k:L'in72>
nez

= (7, L(=k)1¢j—k)
=1
Therefore, M’ fails the truncation condition.

Finally, we are left with the question, given an ordinary module M over a VOA
V, is there an induced (ordinary) comodule structure? The answer is yes.

THEOREM 3.13. Let M be a module over a VOA V. Then the graded dual M’
is a V' VOC comodule where the coproduct A(x) : M' — (V' @ M")[[z,x~1]] is
defined by

(A(z)m' ;v @m) = (m',Y (v,z)m).
forallm" e M',veV,me M.
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Similarly, if M is a comodule over a VOC V', then M’ is a module over the
VOA V' where the product Y (-,x) : V' — (End M')[[x,27]] is defined by

(Y, 2)m',m) = (v @m/, A(z)m)
forallv e V', m'e M', me M.

This Proposition is proved similarly to Theorem 2.9. On axiom 3, Propositions
3.5 and 3.10 take the place of Corollaries 2.3 and 2.7, and the rest of the axioms
follow nearly verbatim. The converse (comodule to module) is similar.

REMARK 3.14. It is interesting to note that any generalized module which
satisfies the positive energy condition, My, = 0 for a fixed A € C and n € Z suf-
ficiently small, adheres to the comodule truncation condition just as in Corollary
2.7 and, hence, its dual is a comodule. It may also be the case that any module
satisfying finite dimensionality of eigenspaces, dim M, < oo for all A € C, also
satisfies truncation. (The author has been unable to establish this.) Such a result
seems plausible since failing comodule truncation would imply infinitely many vec-
tors from infinitely many negative weight spaces had all been raised to the same
nonzero vector. It is interesting to observe how the properties of positive energy and
finite dimensionality of subspaces both contribute to the failure of Counterexample
3.12.

3.4. Contragredient modules. Classically, given a VOA V and an (ordi-
nary) module M, the graded dual M’ may be also be viewed as a V-module (cf.
[FHL], [L1]) under the vertex operator map Y’ : V — (End M’)[[z,z~!]] given by

(3.19) (¥ (v, 2)m’,m) = (', ¥ ("0 (=22 v, 2~ )m)

forv' € V', m' € M', m € M. Applying Theorem 3.13 to the V-module M’, we
obtain a V’-comodule structure on M” = M. Thus if one starts with a VOA V
and a module M, one can view M as both a module and a comodule and also view
M’ as a module and a comodule.

Similarly, if one begins with a VOC V and a comodule M, Theorem 3.13 implies
that M’ is a module over the VOA V’. Again we may take the contragredient to
obtain M = M as a VOA module over V’, and we may employ Theorem 3.13 yet
again to obtain M’ as a VOC comodule over V. Thus, as before one can view M
as both a module and a comodule and also view M’ as a module and a comodule.

References

[BPZ] Alexander Belavin, A. E. Polyakov, Alexander Zamolodchikov, Infinite conformal symme-
tries in two-dimensional quantum field theory, Nucl. Phys., B241 (1984), 333-380.

[B] Richard Borcherds, Vertez algebras, Kac-Moody algebras, and the Monster, Proceedings of
the National Academy of Science USA 83 (1986), 3068-3071.

[FHL] Igor Frenkel, Yi-Zhi Huang, James Lepowsky, On Aziomatic Approaches to Vertex Oper-
ator Algebras and Modules, Memoirs of the American Mathematical Society 104 (1993).

[D] Chongying Dong, Introduction to vertex operator algebras I, Surikaisekikenkyusho Kokyuroku
904 (1995), 1-25.

[DLM] Chongying Dong, Haisheng Li, and Geoffery Mason, Regularity of rational vertex operator
algebras, Adv. Math. 132 (1997), 148-166.

[FLM] Igor Frenkel, James Lepowsky, Arne Meurman, Vertex Operator Algebras and the Monster,
Academic Press, Inc., San Diego, 1988.

[H1] Yi-Zhi Huang, On the geometric interpretation of vertex operator algebras, Ph.D. thesis,
Rutgers University, 1990.



16 KEITH HUBBARD

[H2] , Two-Dimensional Conformal Geometry and Vertex Operator Algebras, Birkh&user,
Boston, 1997.

[H3] —, A theory of tensor products for module categories for a vetexr algebra, IV, J. Pure
Appl. Alg. 100 (1995), 173-216.

[H4] , Differential equations, duality, and modular invariance, Comm. Contemp. Math. 7
(2005), 375-400.

[HL1] Yi-Zhi Huang, James Lepowsky, Operadic formulation of the notion of vertexr operator
algebra, Contemporary Mathematics 175 (1994), 131-148.

[HL2] , Toward a theory of tensor product for represnetations for a vertex operator alge-
bra, in Proc. 20th International Conference on Differential Geometric Methods in Theoretical
Physics, New York, 1991, ed. S. Catto and A. Rocha, World Scientific, Singapore, 1992, Vol.
1, 344-354.

[HL3] , A theory of tensor products for module categories for a vetex algebra, I, Selecta
Mathematica (New Series) 1 (1995), 699-756.

[HL4] , A theory of tensor products for module categories for a vetex algebra, II, Selecta
Mathematica (New Series) 1 (1995), 757-786.

[HL5] , A theory of tensor products for module categories for a vetexr algebra, I1I, J. Pure
Appl. Alg. 100 (1995), 141-171.

[HL6] , Tensor products of modules for a vertex operator algebra and vertex tensor cate-
gories, in: Jean-Lue Brylinski, Ranee Brylinski, Victor Guillemin, Victor Kac, eds., Lie Theory
and Geometry: In Honor of Bertram Kostant, Progress in Mathematics, Vol. 123 (Birkh&user,
Boston, 1994) 349-383.

[Hubl] Keith Hubbard, The notion of a vertex operator coalgebra: a construction and geomet-
ric characterization, Ph.D. thesis, University of Notre Dame, 2005, http://etd.nd.edu/ETD-
db/theses/available/etd-03282005-121128 /unrestricted /Hubbard K032005.pdf.

[Hub2] , The notion of vertex operator coalgebra and a geometric interpretation,
arXiv:math.QA /0405461, Commun. Algebra, to appear.

[Hub3] , Constructions of vertex operator coalgebras via vertexr operator algebras, Journal
of Algebra 294 (2005), 278-293

[Hub4] , Vertex coalgebras, modules, commutativity and associativity, in preparation.

[LL] James Lepowsky, Haisheng Li, Introduction to Vertex Operator Algebras and Their Repre-
sentations, Birkhauser, Boston, 2004.

[L1] Haisheng Li, Symmetric invarient bilinear forms on vertex operator algebras, Journal of Pure
and Applied Algebra 96 (1994), 279-297.

, Regular representations of vertex operator algebras, Comm. Contemp. Math., Vol.

4, No. 4 (2002), 639-683.

, Regular representations and Huang-Lepowsky tensor functors from wvertex operator

algebras, J. Alg. 255 (2002), 422-462.

, A smash product construction of mnonlocal wvertex algebras, preprint,
arXiv:math.QA/0511344.

[S] Graeme Segal, The definition of conformal field theory, preprint, 1988.

[L2]

[L3]

(L4]

P.O. Box 13040, DEPARTMENT OF MATHEMATICS AND STATISTICS, STEPHEN F. AUSTIN STATE
UNIVERSITY, NACOGDOCHES, TX 75962
E-mail address: hubbardke@sfasu.edu



